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Abstract 

The tensor complementarity problem is a specially structured nonlinear complemen¬ 
tarity problem, then it has its particular and nice properties other than ones of the 
classical nonlinear complementarity problem. In this paper, it is proved that a ten¬ 
sor is an S-tensor if and only if the tensor complementarity problem is feasible, and 
each Q-tensor is an S-tensor. Furthermore, the boundedness of solution set of the 
tensor complementarity problem is equivalent to the uniqueness of solution for such 
a problem with zero vector. For the tensor complementarity problem with a strictly 
semi-positive tensor, we proved the global upper bounds for solution of such a prob¬ 
lem. In particular, the upper bounds keep in close contact with the smallest Pareto 
H-(Z-) eigenvalue. 
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1 Introduction 

The nonlinear complementarity problem was introduced by Cottle in his Ph.D. thesis in 
1964. In the last decades, many mathematical workers have concentrated a lot of their en- 
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ergy and attention on this classical problem because of a multitude of interesting connections 
to numerous disciplines and a wide range of important applications in operational research, 
applied science and technology such as optimization, economic equilibrium problems, con¬ 
tact mechanics problems, structural mechanics problem, nonlinear obstacle problems, traffic 
equilibrium problems, and discrete-time optimal control. For more detail, see mm and 
references therein. Well over a thousand articles and several books have been published on 
this classical subject, which has developed into a well-established and fruitful discipline in 
the field of mathematical programming. 

The linear complementarity problem is a special case of nonlinear complementarity prob¬ 
lem. It is well-known that the linear complementarity problem has wide and important appli¬ 
cations in engineering and economics (Cottle, Pang and Stone [5] and Han, Xiu and Qi 0). 
Cottle and Dantzig [6] studied the the existence of solution of the linear complementarity 
problem with the help of the structure of the matrix. Some relationship between the unique 
and existence of solution of the linear complementarity problem and semi-monotoncity of 
the matrices were showed by Eaves [7], Karamardian [8], Pang 0EO] and Gowda HU , re¬ 
spectively. Cottle [12] studied some classes of the complete Q-matrix (a matrix is called the 
complete Q-matrix iff it and all its principal sub-matrices are Q-matrix), and obtained that 
each completely Q-matrix is a strictly semi-monotone matrix. 

The tensor complementarity problem, as a special type of nonlinear com- plementarity 
problems, is a new topic emerged from the tensor community, inspired by the growing 
research on structured tensors. At the same time, the tensor complementarity problem, as a 
natural extension of the linear complementarity problem seems to have similar properties to 
the problem, and to have its particular and nice properties other than ones of the classical 
linear complementarity problem. So how to obtain the nice properties and their applications 
of the tensor complementarity problem will be very interesting by means of the special 
structure of higher order tensor (hypermatrix). 

The notion of the tensor complementarity problem is used firstly by Song and Qi [13], 
and they showed the existence of solution for such a problem with some classes of structured 
tensors. In particular, they showed that the nonnegative tensor complementarity problem 
has a solution if and only if all principal diagonal entries of such a tensor are positive. 
Che, Qi, Wei [H] showed the existence of solution for the symmetric positive dehnite tensor 
complementarity problem and copositive tensors. Luo, Qi, Xiu [15] studied the sparsest 
solutions to Z-tensor complementarity problems. Song and Qi [16] studied the solution of 
the semi-positive tensor complementarity problem, and obtained that a symmetric tensor is 
(strictly) semi-positive if and only if it is (strictly) copositive. 

In this paper, we will study the properties of solution of the tensor complementarity 
problem by means of the special structure of tensors. Namely, it will be proved that the 
solution set of the tensor complementarity problem is bounded if and only if such a tensor 
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is a Ro-tensor. We will present the global upper bounds for solution of the tensor comple¬ 
mentarity problem with a strictly semi-positive tensor. 

In section 2, we will give some notions, definitions and basic facts, which will be used in 
the context. In section 3, we will introduce the concept of S-tensor and give its two equivalent 
definitions by means of the tensor complementarity problem. Subsequently, it is proved that 
each Q-tensor is an S-tensor, and a tensor is an S-tensor if and only if the corresponding 
tensor complementarity problem is feasible. Furthermore, the solution set of the tensor 
complementarity problem is bounded if and only if such a problem with zero vector has a 
unique solution. Finally, with the help of the smallest Pareto H—(Z-) eigenvalue, we will 
discuss the global upper bounds for solution of the tensor complementarity problem with a 
strictly semi-positive tensor. 

2 Preliminaries 

Throughout this paper, we use small letters x, y, v, a, ■ ■ ■ , for scalars, small bold letters 
x, y, for vectors, capital letters A,B,---, for matrices, calligraphic letters A,B , 
for tensors. All the tensors discussed in this paper are real. Let I n : = {1,2,-•• , n}, and 
R n := {(xi, x 2 , • • • , x n ) T ; Xj G R, i G J n }, R" := {x G M n ; x > 0 }, R™ := {x G R n ; x < 0 }, 
R” + := {x G R ra ; x > 0 }, where R is the set of real numbers, x T is the transposition of a 
vector x, and x > 0 (x > 0 ) means X* > 0 (x* > 0) for all i G I n . 

Let F be a nonlinear function from R" into itself. The nonlinear complementarity prob¬ 
lem is to find a vector xgK" such that 

x > 0 , F(x) > 0 , and x T F(x) = 0, 

or to show that no such vector exists. Let A = () be an n x n real matrix and F(x) = 
q+Ax. Then such a nonlinear complementarity problem is called the linear complementarity 
problem, denoted by LCP (A, q), i.e., to find xGl" such that 

x > 0 , q + Ax > 0 , and x T (q + Ax) = 0, 
or to show that no such vector exists. 

In 2005, Qi [UJ introduced the concept of positive (semi-)dehnite symmetric tensors. 
A real mth order n-dimensional tensor (hypermatrix) A = (a^...^) is a multi-array of real 
entries where ij G I n for j G I m . Denote the set of all real mth order n-dimensional 

tensors by T m)n . Then T TOj „ is a linear space of dimension n m . Let A = (a, 1 ... lm ) G T TO>n . If 
the entries are invariant under any permutation of their indices, then A is called a 

symmetric tensor. Denote the set of all real mth order n-dimensional symmetric tensors 
by S m n . Then S m>n is a linear subspace of T mtn . We denote the zero tensor in T mn by O. 
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Let A = (a 8 l ...i m ) G T mtn and x G M n . Then .4x m 1 


is a vector in M n with its ith component 


as 


(^x’— 1 ) i := £ 

i'll"' Arri — 1 

for i G I n . Then *4x m is a homogeneous polynomial of degree m, defined by 


*4x m := x T (^lx m x ) = a h-imXii 

ili’" Am — 1 

A tensor A G T m>ri is called positive semi-definite if for any vector x G M n , Ax m > 0, 
and is called positive definite if for any nonzero vector x G M n and an even number 
m, .4x m > 0. Recently, miscellaneous structured tensors are widely studied, for example, 
Zhang, Qi and Zhou [TS] and Ding, Qi and Wei [[[H] for M-tensors, Song and Qi [211] for 
P-(P 0 )tensors and B-(B 0 )tensors, Qi and Song [21] for B-(B 0 )tensors, Song and Qi [22J for 
infinite and finite dimensional Hilbert tensors, Song and Qi [23j for E-eigenvalues of weakly 
symmetric nonnegative tensors and references therein. 


Definition 2.1. Let A = G T m , n . 

(%) The tensor complementarity problem, denoted by TCP (^4, q), is to find x G M n 
such that 


X >0 

(2.1) 

q + Ax.™- 1 >0 

(2.2) 

x T (q + ^lx m - 1 ) =0 

(2.3) 


or to show that no such vector exists. 

(ii) A vector x is said to be (strictly) feasible iff x satisfies the inequality \2.1\) and 
(strict) inequality \2.2 1) . 

(in) The TCP Q4, q) is said to be (strictly) feasible iff a (strictly) feasible vector exists. 

(iv) The set of all feasible vector of the TCP (A , q) is said to be its feasible region. 

(v) The TCP Q4, q) is said to be solvable iff there is a feasible vector satisfying the 

equation \2.3\) . 

(vi) A is called a Q-tensor (Jfflf ) iff the TCP ( A , q) is solvable for all qGl". 

(vii) A is called a R 0 -tensor (ITS ]/ ) iff the TCP Q4, 0) has unique solution. 

(viii) A is called a R-tensor fjl3j ) iff it is a Ro-tensor and the TCP (A, q) has unique 

solution for q = (1,1, ■ • • , 1) T . 
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Let w = q + Ax™" 1 . Then a feasible vector x of the TCP (.4, q) is its solution if and 
only if 

XiWi = XiQi + Xi (4x m-1 ) i = 0 for all i G I n . (2.4) 

Recently, Song and Qi [T3] extended the concepts of (strictly) semi-monotone matrices 
to (strictly) semi-positive tensors. 

Definition 2.2. Let A = (a n ... Vm ) G T m n . A is said to be 

(i) semi-positive iff for each x > 0 and x f 0 , there exists an index k G I n such that 

Xk> 0 and (4.x" 1-1 ) fc > 0; 

(ii) strictly semi-positive iff for each x > 0 and x f 0, there exists an index k G I n 
such that 

Xk > 0 and (4x m-1 ) fc > 0; 

(in) a P-tensor (Song and Qi [20]) iff for each x in R" and x f 0 , there exists i G I n such 
that 

Xi (4x m-1 ). > 0; 

(iv) a P 0 -tensor (Song and Qi [20]) iff for every x in R" and x^0„ there exists i G I n 
such that Xi 0 and 

Xi (4x m-1 ). > 0; 

(v) copositive (Qi if Ax m > 0 for all x G R”; 

(vi) strictly copositive (Qi [24 F ) if Ax m > 0 for all x G R" \ {0}. 

Lemma 2.1. (Song and Qi IXSI Corollary 3.3, Theorem 3.4]) Each strictly semi-positive 
tensor must be a R-tensor, and each R-tensor must be a Q-tensor. A semi-positive R^-tensor 
is a Q-tensor. 

Song and Qi [25] introduced the concept of Pareto H— [Z —)eigenvalue and used it to por¬ 
tray the (strictly) copositive tensor. The number and computation of Pareto H—(Z —)eigenvalue 
see Ling, He and Qi [2S], Chen, Yang and Ye |27| . 

Definition 2.3. Let A = (ai r ..j m ) G X m , n - A real number pi is said to be 

(i) Pareto //—eigenvalue of A iff there is a non-zero vector x G R" satisfying 

Ax m = px T ^ m - 1] , 4x m-1 - px [rn ~ 1] >0, X > 0. (2.5) 
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(ii) Pareto Z— eigenvalue of A iff there is a non-zero vector x e M n satisfying 

Ax m = /i(x T x)f, - p^x^x >0, x > 0. (2.6) 

Lemma 2.2. (Song and Qi l25[ Theorem 3.1,3-3, Corollary 3.5]) Let A G S m>n be strictly 
copositive. Then 

(i) A has at least one Pareto H-eigenvalue A(Al) := min Ax™ and 

x>0 

!Mm-l 

A(^4) = min{A; A is Pareto H-eigenvalue of A} > 0; (2.7) 

(n) A has at least one Pareto Z-eigenvalue p(A) := min Ax m and 

x>0 
l|x|| 2 = l 

p(A) = min{/i; p, is Pareto Z-eigenvalue of A} > 0. (2.8) 

3 Solution of the TCP(^4, q) 

3.1 S-tensor and feasible solution of the TCP(*4, q) 

We first introduce the concept of the S-tensor, which is a natural extension of S-matrix |5j. 
Definition 3.1. Let A = (an---im) £ Tm, n - A is said to be a 

(i) S-tensor iff the system 

Ax™" 1 >0, x > 0 

has a solution; 

(ii) So-tensor iff the system 

Ax 171 - 1 >0, x > 0, x ^ 0 

has a solution. 

Proposition 3.1. Let A G T m ,n- Then A is a S-tensor if and only if the system 

Ax m " 1 >0, x > 0 (3.1) 

has a solution. 

Proof It follows from Definition 13.11 that the necessity is obvious. Now we show the 
sufficiency. In fact, if there exists y such that 

Aly™" 1 > 0, y > 0, 
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clearly, y ^ 0. Since Ay 771 ^ 1 is continuous on y, it follows that A{y + te) m_1 > 0 for some 
small enough t > 0, where e = (1,1, ■ • • , 1) T . It is obvious that y + te > 0. So A is an 
S-tensor. □ 

Now, by means of the solution of the TCP {A. q), we may give the following equivalent 
definition of S-tensor. 

Theorem 3.2. Let A G T m>ri . Then A is a S-tensor if and only if the TCP (A, q) is feasible 
for all q6P. Meanwhile, each Q-tensor must be an S-tensor. 

Proof Let A is a S-tensor. Then it follows from Definition 13.11 of S-tensor that there 
exists y such that 

Ay m ~ l > 0 , y > 0 . 

So for each q G M”, there is t > 0 such that 

A{ m -fTty) m - 1 = tAy m ~ l > -q. 

Clearly, > 0, and so m ~\/iy is a feasible vector of the TCP {A, q). 

On the other hand, if the TCP (^4, q) is feasible for all q G M n , we take q < 0. Let z is 
a feasible solution of the TCP {A, q). Then 

z > 0 and q + Az m ~ l > 0, 


and hence 

Az m ~ l > -q > 0. 

So z is a solution of the system (13 .1 p . It follows from Proposition 13.11 that A is an S- 
tensor. □ 

3.2 Ro-tensor and boundedness of solution set of the TCP (^4, q) 

Theorem 3.3. Let A G T m ^ n . Then the following three conclusions are equivalent: 

(i) A is Ro-tensor; 

(ii) For each q G M n and each (,sgR with t > 0, the set 

T(q, s, t) = (x > 0; q + Ax m_1 > 0 and x T q + L4x m < s} 

is bounded; 

(Hi) For each q G the solution set of the TCP (A, q) is bounded. 
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Proof (i) =>■ (ii). Suppose that there exist q' G R n , s' G M. and t' > 0 such that the set 
r(q is not bounded. Let a sequence {x fc } C r(q',s',f') be an unbounded sequence. 

Then the sequence {pp} is bounded, and so there exists x' G R n and a subsequence { ^ - } 
such that 

lim -— t—7 = x ; ^ 0 and lim 1 1 x fej 11 = oo. 

j—too 11 11 j—>oo 

From the dehnition of T(q', s', t'), it follows that 


q 


Ix fc j ll m 


— + A(- 


X. k i 

IxL/ I 


> 0 and igL. + t ' A( 


X fc J 

xL I 


— 11 11 m 


(3.2) 


and hence, by the continuity of Ax™ and Ax. m 1 , let j —y oo, 


^(x') m_1 > 0 and Ai^) m < 0. 


Since x' > 0, we have 

A(*T = (x') T ^l(x , ) m " 1 > 0. 

Thus, *4.(x') m = 0, and hence, x' is a nonzero solution of the TCP(*4, 0). This contradicts 
the assumption that A is R 0 -tensor. 

(ii) =>■ (iii). It follows from the definition of T(q, s,t) that 

T(q, 0,1) = (x > 0; q + ix mM > 0 and x T (q + Ax m_1 ) = 0}. 

That is, T(q, 0,1) is the solution set of the TCPQ4, q). So the conclusion follows. 

(iii) =>■ (i). Suppose A is not R 0 -tensor. Then the TCPQ4., 0) has a nonzero solution 
x*, and so x* G r(0,0,l). Since x* ^ 0, rx* G r(0,0, 1) for all r > 0. Therefore, the set 
r(0,0, 1) is not bounded. This contradicts the assumption (iii). So A is R 0 -tensor. □ 

It is known that each strictly semi-positive tensor is an R-tensor and each P-tensor is a 
strictly semi-positive tensor (Song and Qi [13]). The following conclusions are obvious. 

Corollary 3.4. Let A be a strictly semi-positive tensor. Then for each q G the solution 
set of the TCP (A, q) is bounded. 

Corollary 3.5. Let A be a P-tensor. Then for each q G the solution set of the 
TCP(A, q) is bounded. 


3.3 Solution of TCP(^4, q) with strictly semi-positive tensors 

In this section, we discuss the global upper bound for solution of TCPQ4., q) with strictly 
semi-positive and symmetric tensor A. Song and Qi [16] showed the following conclusion 
about a symmetric tensor. 










Lemma 3.1. (Song and Qi ITR Theorem 3.2, 3-4]) Let A = (a^...^) G T m>n . Then a 
symmetric tensor A is strictly semi-positive if and only if it is strictly copositive. Moreover, 
the TCP (q, A) has a unique solution 0 for q > 0 when A is strictly semi-positive. 


Theorem 3.6. Let A 

TCP (q, .4), then 


£ S m ,n be strictly semi-positive. If x is a solution of the 


I 1 1 m — 


KA) 


(3.3) 


where A(4.) is defined in Lemma HOI (i), x + := (max{xi, 0}, max{x 2 , 0}, • • • , max{x n , 0}) 

/ n 

and 11x11 m := X) M 
\i=1 


Proof It follows from Lemma 12.21 and 13.11 that 


A (4.) = min{A; A is Pareto //-eigenvalue of A} = min Ay" 1 > 0. 


Since x is a solution of the TCP (q, A), we have 

Ax™ — x T (—q) = x T (4x m_1 + q) = 0, 4x m_1 + q > 0 and x > 0. 


(3.4) 


Suppose that q > 0. Then x = 0 by Lemma 13.11 the conclusion is obvious. So we may 
assume that q is not nonnegative, then x^ 0 (suppose not, x = 0, Ax. m ~ l + q = q, which 
contradict to the fact that 4x m_1 + q > 0). Therefore, we have 


4x m 

|| x ||m 



> A(4) > 0. 


Thus, we have 


0 < ||x||™A(4) < 4x m = x T (—q) < x T (-q) + < ||x|| m ||(-q)+1|. 
The desired conclusion follows. 


□ 


Theorem 3.7. Let A 

TCP (q, A), then 


( a ii-im) e <S 'm,n be strictly semi-positive. If x is a solution of the 


x 


771—1 

2 


< 


ll(—q)+ll2 

p(A) 


(3.5) 


where p(A) is defined by K2.8\) in Lemma [Ql 


Proof It follows from Lemma [2.21 and [3711 that 


p(A) = min{/i; p is Pareto Z-eigenvalue of A} = min 4y m > 0. (3.6) 
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Similarly, we also may assume that q is not nonnegative, then x^O, and so 


Thus, we have 



A 



> jli(A) > 0. 


0 < ||x||>(.4) < Ax’" = x T (—q) < x T (—q) + < ||x|| 2 ||(-q) + || 2 . 


The desired conclusion follows. □ 

We now introduce a quantity for a strictly semi-positive tensor A. 


/3(A) := min ma xXi(Ax m 1 ),, (3.7) 

x >° iSlri 

x||oo — 1 


where Hx^ := max{|xj|;« G I n }. It follows from the definition of strictly semi-positive 
tensor that (3(A) > 0. Then the following equation is well defined in Theorem 13.81 


Theorem 3.8. Let A 

TCP (q, A), then 


( a n ■■■{„,) G T m n be strictly semi-positive. If x is a solution of the 


l-XIloo — 


II (—q)+ 

/3(A) 


(3.8) 


Proof Suppose that q > 0. Then x = 0 by Lemma [3.11 the conclusion is obvious. So we 
may assume that q is not nonnegative, similarly to the proof technique of Theorem 13.61 we 
have 0 < x ^ 0. It follows from the definition of /3(A) and (I2.4[) that 


0 < ||x||™/3(4) <maxay(Ax m x )j = ma xxi(—q)i 

i£ln i&In 

<maxxi((—g)+)i < |M|oo||(-<?) + ||oo- 
l&In 

The desired conclusion follows. □ 

It is well known that if a nonlinear complementarity problem with pseudo-monotone and 
continuous function F has a strictly feasible point x* (i.e., x* > 0, F(x*) > 0), then it has a 
solution ([3t Theorem 2.3.11]). A function F from K” into itself is called pseudo-monotone 
iff for all vectors x,y 6 R”, 

(x-y) T F(y) >0 =► (x - y) T F(x) > 0. 


Now we give an example to certify the function F deduced by a strictly semi-positive tensor 
is not pseudo-monotone. However, the corresponding nonlinear complementarity problem 
has a solution by Lemma 12.11 
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Example 3.1. Let A = ( a ili2i3 ) G T 3i2 and a m = l, a u 2 = 1, a 2 11 = 1, a 223 = -2, a 222 = 1 
arid all other = 0. T/ien 


*4x 2 


2 1 2 

“h X2 

x 2 — 2 xi.t 2 + X2 


Clearly, A is strictly semi-positive, and so it is a Q-tensor. 

Let F(x) = .4x 2 + q for q = (—§, — |) T . Then F is not pseudo-monotone. In fact. 


F(x) = *4x 2 + q = 

Take x = (1,0) T and y = (1,1) T . Then 


/ 2 , 2 _ 3 \ 

■ L l ' x 2 2 
K {x\~ X 2 f 


x-y = 


0 

-1 


F(x) = 


/_I\ 
2 
1 

V 2/ 


and F( y) = 


/ I\ 
2 
1 

V"2/ 


Clearly, we have 


However, 


(x-y)'F(y) = 0x--lx(--)>0. 


(x-y ) 1 Fix) = 0 x (--) - 1 x - < 0 , 


and hence F is not pseudo-monotone. 


4 Perspectives 

There are more research topics on solution of the tensor complementarity problem for further 
research. 

We show the global upper bounds for solution of TCP(^4, q) with strictly semi-positive 
(symmetric) tensor A. Then we have the following questions for further research. 

(i) Do it has a positive lower bound? 

(ii) Are the above upper bounds is the smallest? 

(iii) For some other structured tensors such as Z-tensors, B-tensors, H-tensors, M-tensors 
and so on, whether do they have similar upper bounds or not? 

We define a quantity [I{A) for a strictly semi-positive tensor A. Then does the quantity 
have a global (or local) upper bound? 
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5 Conclusions 


In this paper, We discuss the equivalent relationships between the feasible solution of the 
tensor complementarity problem and S-tensor, the boundedness of solution of the tensor 
complementarity problem and Ro-tensor. By means of two constants, keep in close contact 
with the smallest Pareto H—{ZwC) eigenvalue, we proved the global upper bounds for solution 
of the tensor complementarity problem with a strictly semi-positive and symmetric tensor. 
A new quantity is introduced for a strictly semi-positive tensor. For a strictly semi-positive 
tensor (not symmetric), the global upper bounds for such a tensor complementarity problem 
is proved by means of such a new quantity. 
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